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: The pionic beta decay in chiral perturbation theory
vided by the beta decay of the charged pion. The diÆculty
here lies in the extremely small branching ratio,  10
 8
.
Nevertheless, such a measurement is presently being per-
formed at PSI by the PIBETA collaboration [9], with the
aim of measuring the branching ratio with 0.5% accuracy.
At this level of precision, radiative corrections have to
be taken into account, and the present paper addresses
this problem. We shall use the eective theory formalism
for processes involving light pseudoscalar mesons, photons
and leptons introduced in [10] which is particularly well
suited for the pionic beta decay. After a brief review of
the main kinematic features of the process (Section 2), we
describe the modications to the structure of the decay
amplitude induced by the radiative corrections in Section





to the form factor. Section 4 discusses the radiative beta
decay rate, which has to be included in order to cancel the
infrared divergences which appear in the radiative correc-
tions to the beta decay amplitude without real photon
emission. Numerical estimates, in particular of the theo-
retical uncertainty in the determination of jV
ud
()j, are
presented in Section 5. Conclusions are given in Section
6, and two Appendices contain some technical material
related to the calculation of the loop contributions.
2 Kinematics
In the absence of radiative corrections, the invariant am-









































































2. The hadronic form fac-







The spin-averaged decay distribution (y; z) is a func-








































) is the 
0
(positron) energy in the rest
frame of the charged pion. Alternatively, one may also use

































































































































(y; z) = 4(z + y   1)(1  y) + r
e













(y; z) = 2r
e












  z   r
e
): (2.10)










a(y)   b(y)  z  a(y) + b(y); (2.11)
where
a(y) =


































c(z)   d(z)  y  c(z) + d(z); (2.13)
where
c(z) =
























3 Pionic beta decay and electromagnetism
The presence of the electromagnetic interaction does not
change the structure of the invariant amplitude (2.2) in













The full form factors F

(t; u) contain the eects of vir-
tual photon exchange and the contributions of the ap-









: The pionic beta decay in chiral perturbation theory 3
depend also on a second kinematical variable as they can-
not be interpreted anymore as matrix elements of a quark
current between hadronic states.
Photon loop diagrams contributing to the weak vertex
function are shown in Figure 1. In particular, it is the
second diagram which introduces the dependence on the





























































Fig. 1. Photon loop diagrams (wave function renormalization
diagrams are not shown). The black dots denote (scalar) QED
vertices, the box denotes the vertex proportional to G
F
.
The following observation considerably simplies the
further analysis of the pionic beta decay: the form factor
F
 



























. Therefore, these contributions
can safely be neglected and we may restrict ourselves to
the discussion of F
+
.
The form factor F
+
(t; u) contains infrared singulari-
ties due to low-momentum virtual photons. They can be
regularized by introducing a small photon mass M

. The
dependence on an infrared cuto reects the fact that
F
+
(t; u) cannot be interpreted as an observable quantity
but has to be combined with appropriate contributions
from real photon emission to arrive at an infrared-nite
result.
It is convenient to decompose F
+
(t; u) into a structure-
dependent eective form factor f
+
(t), and a remaining
part containing in particular the universal long distance
corrections. Conning ourselves to electromagnetic contri-


























































































to the long distance component of the loop amplitudes
which generates infrared and Coulomb singularities. (In
our case, the Coulomb singularity lies outside of the phys-



















represents the remaining nonlocal photon loop contribu-
tion .
Note that the decomposition in (3.2) is analogous to




With this choice, the eective form factor depends only
on the single variable t. It is convenient [5] to write it as















The rst one contains the pure QCD contribution (in
principle to any order in the chiral expansion) plus the































0(t) + : : : ; (3.6)
where the ellipses indicate contributions of higher order
in the chiral expansion. The meson loop function H
PQ
(t)
[11,12] is displayed in Appendix B.
The second term in (3.4) represents the local eects of























































() denotes the renormalized (scale de-
pendent) part of the coupling constant K
12
introduced by














: The pionic beta decay in chiral perturbation theory
interaction of dynamical photons with hadronic degrees of




























































) to leading order.
In order to arrive at an infrared-nite (observable) re-
sult, also the emission of a real photon has to be taken into
account. The radiative amplitudeM

can be expanded in




























radiative amplitude M, and thus to the full form factor
F
+
(t; u). Upon taking the square modulus and summing
over spins, the radiative amplitude generates a correction


(y; z) to the Dalitz plot density of (2.7). The observable
distribution is now the sum
(y; z) = 
(0)
(y; z) + 

(y; z): (3.12)
Both terms on the right hand side of this equation depend
on the full form factor F
+
and contain infrared divergences
(from virtual or real soft photons). Upon combining them,
the observable density can be written in terms of a new
kinematical density A
1
[5], and the eective form factors
f
+
(t) dened in (3.2),













where we have pulled out the short-distance enhancement
factor. The kinematical density A
1
is given by [5]
A
1































the individual contributions contain infrared divergences,
the sum is nite. The factor 
IB
1
(y; z) originates from av-





are infrared-nite. Note that both 
IR




are sensitive to the treatment of real photon emission in
the experiment. Details on these corrections are given in
Sect. 4.
Let us nally note that, in principle, the radiative am-
plitude generates new terms in the density, proportional to





and higher in chiral perturbation theory, and
therefore we have suppressed them in (3.13).
4 Real photon radiation
We present here in detail a possible treatment of the con-




















in complete analogy with the procedure proposed in [17]
and [5] for the analysis of the K
+
e3
decay. To this end we
















For the analysis of the experimental data, we suggest to
accept all pion and charged lepton energies within the
whole 
e3
Dalitz plot D given by (2.11) and (2.13), respec-
tively, and all kinematically allowed values of the Lorentz
invariant x dened in (4.2). (The variable x determines
the angle between the momentum of the neutral pion and































































































In (4.3) we have extended the integration over the whole
range of the invariant mass of the unobserved 
`
 system.










































The results for these integrals in the limitM

= 0 can be
found in the Appendix of [17]. Using the denition (4.5),
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The explicit form of the function I
0
can be found in Eq.
(27) of [17]. (Of course, the appropriate substitutionsK !

+
and  ! 
0
have to be performed.) The coeÆcients
c
m;n
were given in Eq. (19) of [17]. Note however the mis-





[17]). As we are neglecting the contribution of the form
factor f
 


































An analytic expression of the integral occurring in (4.6)






















As already noticed in [5], the quantity J
9
(i) given in Eq.
(A9) of [18] (which is needed for the evaluation of U
7
)
contains two mistakes: the plus-sign in the last line of














































the t-dependence of the eective form factor can be ap-





















) :=   (
e3




The right-hand side of the corresponding expression (6.7)
in [5] should be multiplied by 1=4.
can now be written as
  (
e3()













































In order to extract jV
ud
j we have to provide a theoretical
estimate of the form factor at t = 0 and the phase-space
integral.
5.1 Numerical estimate of f
+
(0)
In the isospin limit, f
+
(0) coincides with the vector form
factor at zero momentum transfer, and is thus equal to 1,
due to the conservation of the charged isospin current. In
the real world, all deviations from this value are therefore
isospin suppressed.





the formula in (3.6) is unambiguously determined in terms
of the masses of the pseudoscalar mesons. It deviates from











(0) = 1  7 10
 6
: (5.6)





small because of the aforementioned isospin suppression.
Therefore, the theoretical prediction of f
+
(0) requires



















) = ( 4:0 0:5) 10
 3
: (5.7)
For the (unknown) \leptonic" constants we resort to the










)j  6:3 10
 3
: (5.8)








= (4:6 0:1 0:4 0:3) 10
 3
= (4:6 0:5) 10
 3
: (5.9)
















the nal value, they have been added in quadrature.
Despite the poor present knowledge of the \leptonic"
constants, the uncertainty in the electromagnetic sector
aects the nal result for the eective form factor at zero
momentum transfer by only 0:05%,
f
+
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5.2 The phase space factor

































= 0:037 0:003 (5.13)
The numerical coeÆcients a
0;1;2
entering in the phase
space expression (5.5) are shown in Table 1. Because of
the smallness of the coeÆcients a
1;2
, the nal value of
the Dalitz plot integral I(
+
) is practically insensitive to
the exact size of the slope parameter and simply given by
the parameter a
0
. The inclusion of radiative corrections




We have also evaluated numerically a
0
in the case cor-
responding to the fully inclusive one-photon decay (in-
cluding the whole 4-particle phase space), nding no ap-
preciable dierence from the result in Table 1.
5.3 Determination of jV
ud
j
The Kobayashi{Maskawa matrix element jV
ud
j can be ex-


































We recall at this point that, according to our convention
[10], the Fermi coupling constant G
F
appearing in (5.14)
has to be identied with the muon decay constant. For the







) = 1:0232; (5.15)
where leading logarithmic and QCD corrections have been
included. With the present 





= (2:6033 0:0005) 10
 8
s; (5.16)

































The present experimental precision for the branching
ratio of the pionic beta decay cannot compete yet with the
very small theoretical uncertainty in the determination of
V
ud
generated by (5.10). Using the latest value given by
the Particle Data Group (PDG 2002) [1],
BR = (1:025 0:034) 10
 8
; (5.19)
together with (5.10), we nd
jV
ud
j = 0:9675 0:0160(exp:) 0:0005(theor:)
= 0:9675 0:0161: (5.20)
However, a substantial improvement of the experimen-
tal accuracy is to be expected in the near future. The PI-
BETA experiment [9] aims at measuring the branching
ratio with a precision of about 0:5% in its current phase.








j = 0:9765 0:0080(exp:) 0:0005(theor:)
= 0:9765 0:0080; (5.22)
to be compared with the current PDG value [1],
jV
ud
j = 0:9735 0:0008: (5.23)
6 Conclusions
The present work was devoted to the study of the pionic
beta decay at the one loop level, with the order  radia-
tive corrections to the amplitude included. We have been
working within the framework of the eective low-energy
theory of the standard model. Our main results in this
respect are given by Eqs. (3.6) and (3.7).
We have discussed the inuence of the various correc-
tions on the determination of jV
ud
j from a high-precision
measurement of the pionic beta decay rate. As far as
strong interaction corrections are concerned, the situation
is most advantageous, since the Ademollo-Gatto theorem
requires the deviation of f
+
(0) from its value 1 in the

















. This results in
a very tiny correction at one loop,   710
 6
, and leads
one to the expectation that higher order strong interaction




The situation here is very dierent from the case of the
K
`3









counterterm contributions, which can have an inuence on the
determination of jV
us
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Electromagnetic corrections induced by the exchange
of virtual photons involve several unknown counterterms.
However, naive dimensional analysis indicates that their
contribution also remains small. For instance, they af-
fect the extraction of jV
ud
j at the 0.05% level only. How-
ever, they represent the main source of theoretical error
at present. Putting together the short-distance corrections
(S
EW
) and the long-distance corrections (to form factor
and phase space), we estimate an overall radiative correc-
tion to the partial width of (+3:34 0:10)% which is very
close to other estimates [21,22]. We stress that our number
has been obtained within a completely model-independent
framework for the long-distance corrections.
Thus, the pionic beta decay is very close to a theorist's
paradise, and a very precise prediction for its branching
ratio can be obtained. It remains to be seen whether the
experimental progresses will eventually be able to reach a
comparable precision, and thus provide a very clean and
accurate determination of the Cabibbo angle.
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Appendix
A Photon Loop Functions
The photon loop contributions to the 
e3
form factor de-
pends on the electron mass m
e











der to express the loop functions in a compact way, it is













where y has been dened in (2.4). In terms of r
e











































































































































































































B Meson Loop Functions
The loop function H
PQ






















































































































































































(0) appearing in the evaluation of f
+
(0)










































: The pionic beta decay in chiral perturbation theory
The chiral one-loop corrections comply with the Ademollo-




















. For the theoretical determination of the
slope parameter we need the derivative of the function
H
PQ
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